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Abstract

We use computational complexity as a lens to study the design of information structures
in games of incomplete information. We focus on one of the simplest instantiations of the
information structure design problem: Bayesian zero-sum games, and a principal who must
design a public signal maximizing the equilibrium payoff of one of the players. In this setting,
we show that optimal information structure design is computationally intractable, and in some
cases hard to approximate, assuming that it is hard to recover a planted clique from an Erdds-
Rényi random graph. Our result suggests that there is no “simple” characterization of optimal
public-channel information structures in multi-player settings.

1 Introduction

Mechanism design is concerned with designing the rules of a game so as to effect desirable out-
comes at equilibrium. This form of intervention, through the design of incentives, is fundamentally
algorithmic in nature, and has led to a large body of work which examines the computational
complexity of incentive-compatible mechanisms. This paper concerns a different, though arguably
equally important, mode of intervention: through making available the right information.

A classic example illustrating the importance of information in games is Akerlof’s “market for
lemons” [1]. Each seller in this market is looking to sell a used car which is equally likely to be a
“peach” (high quality) or a “lemon” (low quality). Prospective buyers value peaches at $1000, and
lemons at $0, whereas sellers value keeping a peach at $800 and a lemon at $0. If both buyers and
sellers are informed, then peaches are traded at some price between $800 and $1000, increasing the
social welfare by $200 per peach. When neither buyers or sellers are informed, every car (whether
a peach or a lemon) is traded at some price between $400 and $500 (which are the buyer and
seller’s values for a car of unknown quality), yielding the same total increase in the social welfare.
A strikingly different outcome occurs when only sellers are informed: each buyer would only be
willing to pay $500, driving the (informed) sellers of peaches out of the market, and leading to no
gains from trade.

The previous example implicates informational asymmetry, and the resultant adverse selection,
in the collapse of markets. These phenomena are not the focus of this paper. Instead, we consider
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Figure 1: An incomplete information variant of the prisoners’ dilemma.

the effects of publicly available information on the outcome of a game, motivated by the following
counter-intuitive fact: even when all players have access to the same information, the optimal
information structure may reveal some but not all the information available. For an illustrative
example, consider the incomplete-information variant of the classical prisoners’ dilemma shown
in Figure 1, in which the game’s payoffs are parametrized by a state of nature 8. When 6 = 0,
this is the traditional prisoners’ dilemma in which cooperation is socially optimal, yet the unique
Nash equilibrium is the one where both players defect, making both worse off. When, however,
the reward from cooperation is uncertain, the equilibrium depends on players’ beliefs about 6.
Assuming that 0 is uniformly distributed in [—3, 3], and that players are risk-neutral and know
nothing about 6 besides its distribution, they play as if # equals its expectation and the defection
equilibrium persists. On the other hand, if both players learn the realization of § before making
their decisions, they would cooperate at equilibrium when 8 > 1, and defect otherwise, improving
both their expected utilities. What is surprising, however, is that neither the opaque nor the
transparent information structure is optimal. Consider the following partially-informative scheme:
when 6§ > —1, both players receive the signal High, and otherwise receive the signal Low. On signal
High, the posterior expected value of € for both players is 1, inducing cooperation. On signal Low,
the players defect. This information structure induces cooperation with greater probability than
either of the opaque or transparent schemes, and thus improves the expected utility of both players.

Motivated by these intricacies, it is natural to seek characterizations of optimal public-channel
information structures for a variety of natural games and objectives. Such characterizations are
most useful when they are “simple”, and hence translate to efficient algorithms. We therefore use
computational complexity as a lens with which to shed light on the design of such information
structures. When we view information structure design as an algorithmic task, we refer to it as
signaling for convenience (slightly abusing well-established terminology), and refer to the algorithm
implementing an information structure as a signaling scheme.

Since our results will be negative, we choose as our backdrop one of the simplest and most fun-
damental settings in game theory: 2-player zero-sum games. We consider incomplete-information
zero-sum games, in which a state of nature € determines the entries of the payoff matrix, and is
drawn from a common-knowledge prior distribution A represented explicitly. We adopt the per-
spective of a principal who has access to the realization of #, and can commit to a public signaling
scheme (a.k.a. public-channel information structure) for revealing (partial) information to all play-
ers about @ via a shared communication channel. Such a principal may be interested in maximizing
some weighted combination of the players’ utilities, or more generally some (possibly linear) func-
tion of their chosen mixed strategies. Most such natural classes of objective functions include, as
a special case, the task of maximizing one player’s utility at equilibrium. Since our results will be
negative, we adopt that as the principal’s objective, and analyze the complexity of the resulting



design problem.

Before describing our results and techniques, we elaborate on our chosen model and assumptions.
First, we restrict attention to public signaling schemes: those which reveal the same information
regarding 6 to every player in the game. This restriction is justified in settings where private
communication with individual players is either impractical or undesirable. Indeed, much of the
work on signaling in auctions [23, 15, 29, 22] is restricted to a public channel. Moreover, since
the initial publication of the conference version of this paper, public-channel information structure
design has been studied in voting [4, 5] and in network routing [13].

Second, we prove our negative results for the special case of two-player zero-sum games. This is
a simple and fundamental class of games, lending our impossibility results more “bite”. Moreover,
two-player zero-sum games exhibit additional properties which make a complexity-theoretic analy-
sis of information structure design all the more instructive. To appreciate these, first observe that
every public-channel information structure induces a subgame for each realization of the signal, and
this subgame is payoff-equivalent to the zero-sum game of complete information gotten by taking
the posterior expectation of the payoff matrix. Therefore, like in full-information zero-sum games,
equilibrium payoffs in each subgame are unique, ridding our analysis of equilibrium selection con-
siderations. Second, since equilibrium computation is computationally tractable in zero-sum games
of complete information, the same holds for each subgame induced by a public-channel information
structure. This “disentangles” the complexity of optimal information structure design from the
complexity of equilibrium computation in the constituent subgames. Indeed, it is not hard to see
that the optimal information structure design task must, in general, “inherit” the computational
complexity of equilibrium computation in the underlying class of full-information games. By choos-
ing a class of full-information games where equilibria are essentially unique and easy to compute,
our results show that information structure design makes the game model fundamentally “more
complex”.

Results and Techniques

Our results are based on the conjectured hardness of the planted clique problem. Specifically, we
assume that it is hard to recover a planted k-clique from an Erdés-Rényi random graph random
graph G(n,p) for p = 3 and some k = k(n) satisfying k = w(log?n) and k = o(y/n). This
assumption is a common one in theoretical computer science, and is justified on two grounds: (a)
No polynomial-time algorithms are known despite a large body of work targeting the problem for
over two decades; (b) Several works have ruled out the most common algorithmic approaches for
this problem. At the very least, there is widespread consensus that the problem appears to be
beyond the reach of current techniques, justifying its use as a starting point for hardness results.
See Section 3 for more details and a literature review of the planted clique problem.

We prove two main results assuming this conjecture in Section 4. For 2-player Bayesian zero-
sum games which are explicitly represented via their normal form, we prove that no algorithm
computes a player-optimal signaling scheme in polynomial time. We strengthen this to a hardness
of approximation result, for an additive absolute constant, for an implicitly-represented zero-sum
game which nevertheless permits efficient equilibrium computation.

Both our hardness results hold for a Bayesian zero-sum game in which the states of nature, as
well as each player’s pure strategies, are the nodes V of a graph G. Specifically, we construct such
a game in which signaling schemes correspond to “fractional partitions” of the states of nature V.
Roughly speaking, the first player’s utility function favors signaling schemes which (fractionally)
partition the graph into large yet highly connected clusters of nodes. If G is a random graph in
which many k-cliques have been planted randomly throughout, so much so that the planted cliques



roughly cover the nodes of GG, then the best signaling scheme roughly corresponds to a partition of
G into the planted cliques. Moreover, we exhibit an algorithm which, given a near-optimal signaling
scheme, recovers a constant fraction of the planted clique cover.

In order to base our results on the planted clique conjecture, in Section 3 we prove an “am-
plification lemma” extending the hardness of recovering a planted clique to recovering a constant
fraction of a planted clique cover. This lemma, which may be of independent interest, appears
surprising because its analogue for the “distinguishing version” of the planted cover and planted
clique problems is false.

Prior Related Work

The study of the effects of information on strategic interactions has its roots in the early works
of Akerlof [1] and Spence [44]. Hirshleifer [31] was the first to observe that more information
sometimes leads to worse market outcomes, in contrast to earlier work by Blackwell [14] which
implied that more information is always better for a single agent in a non-competitive environment.
Since then, many works have examined the effects of additional information on players’ equilibrium
utilities. Lehrer et al. [38] showed that additional information improves players’ utilities in common
interest games — games where players have identical payoffs in each outcome, and Bassan et al.
[10] exhibited a polyhedral characterization of games in which more information improves the
individual utility of every player. The work of Peski [42] is related to ours, and considers private-
channel information structures in zero-sum games. They show that maximizing one player’s utility
requires revealing as much information as possible to that player, and withholding as much as
possible from his opponent.

A number of works have established striking characterizations of the space of equilibria attain-
able by varying the information structure, in natural game domains. Bergemann et al. [12] considers
signaling in a fundamental buyer/seller price-discrimination game, and provides a polyhedral char-
acterization of the space of potential equilibria and their associated payoffs. Bergemann and Morris
[11] characterize the space of equilibria attainable by (private channel) information structures in
general games, and relate it to the space of correlated equilibria. One implication of [11] is that
designing private-channel information structures in explicitly-described normal-form games reduces
to a simple linear program, similar to the program for computing a correlated equilibrium.

Despite appreciation of the importance of information in strategic interactions, it is only recently
that researchers have started viewing the information structure of a game as a mathematical object
to be designed, rather than merely an exogenous variable. Kamenica and Gentzkow [35] examine
settings in which a sender must design a signaling scheme to convince a less informed receiver to
take a desired action. Work in the CS community, including by Emek et al. [23], Bro Miltersen and
Sheffet [15] and Guo and Deligkas [29], examines revenue-optimal public signaling in an auction set-
ting, and presents polynomial-time algorithms and hardness results for computing it. Dughmi et al.
[22] examine welfare-optimal public signaling in an auction setting under exogenous constraints,
and presents polynomial-time algorithms and hardness results.

The original conference-version of this paper was the first to use computational complexity
theory to shed light on the design and characterization of information structures in abstract game
settings other than auctions. Since then, followup work has strengthened and extended our results,
and the literature employing tools from computer science in the design and analysis of information
structures has grown substantially. A high-level overview of followup work is relegated to the
conclusion of this paper.



2 Preliminaries

2.1 Games

We consider finite 2-player Bayesian zero-sum games, each of which is partially specified by the
following parameters.

e Nonnegative integers r and ¢, denoting the number of pure strategies of the row player and
column player respectively.

e A finite family © = {1,..., M} of states of nature, which we index by 6.
o A family of payoff matrices A’ € R"™*¢, indexed by states of nature 6 € ©.

o A prior distribution distribution A € Ajps on the states of nature.

Naturally, A‘g(i, j) denotes the payoff of the row player when the row player plays i, the column
player plays j, and the state of nature is . The column player’s payoff in the same situation is
—A%(i, 7). The final ingredient of a Bayesian game, the information structure, is left unspecified
and viewed as an object to be designed.

We use two different representations of these games. In the explicit representation, the matrices
{Ae} g» as well as the prior distribution A, are given explicitly. We also relax this somewhat for
our second result; specifically, we consider a game in which the individual matrices A% are given
implicitly, since one of the players has a number of strategies which is exponential in the natural
description of the game. Nevertheless, a low-rank bilinear structure permits efficient computation
of equilibria, and the value of the game, in the implicitly represented game we consider.!

2.2 Signaling Schemes

We consider a principal who can commit to a policy, or equivalently an algorithm, for revealing
partial information regarding the state of nature 6 to the players. Crucially, we require that the
principal reveal the same information to both players in the game. A public signaling scheme is
given by a set ¥ of signals, and a (possibly randomized) map ¢ from states of nature © to signals
Y. Abusing notation, we use ¢(f,0) to denote the probability of announcing signal o € ¥ when
the state of nature is § € ©. We restrict attention to signaling schemes with a finite set of signals
3., and this is without loss of generality when O is finite. We elaborate on this after describing the
convex decomposition interpretation of a signaling scheme.

We note that public signaling schemes are in one-to-one correspondence with convex decompo-
sitions of the prior distribution A € Aj; — namely, distributions supported on the simplex Ajy,
and having expectation A\. Formally, a signaling scheme ¢ : ©® — X corresponds to the convex

decomposition
A= g Qg - Lo,

where a, = Pr{p(0) = 0] = >y AM0)@(0,0), and z,(0) = Pr[f|¢(0) = o] = %{EG’U). Note that
Ty € Ay is the posterior distribution of  conditioned on signal o, and «a, is the probability of signal
0. The proof of the converse direction, namely that every convex decomposition of A corresponds
to a signaling scheme, is elementary yet thought provoking, and hence left to the reader. We note

mplicitly-represented 2-player zero-sum games often admit efficient algorithms for equilibrium computation.
Fairly general conditions under which this is possible are well exposited by Immorlica et al. [32].



that this correspondence between public signaling schemes and convex decompositions is closely
related to the “splitting lemma” of Aumann and Maschler [8].

We judge the quality of a signaling scheme by the outcome it induces signal by signal. Specif-
ically, the principal is equipped with an objective function of the form ) o, - f(zs), where
f : Ay — R is some function mapping a posterior distribution to the quality of the equilib-
rium chosen by the players. For example, f may be the social welfare at the induced equilibrium, a
weighted combination of players’ utilities at equilibrium, or something else entirely. In this setup,
one can show that there always exists a signaling scheme with a finite set of signals which maximizes
our objective, so long as the states of nature are finitely many. The optimal choice of signaling
scheme is related to the concave envelope ft of the function f.2 Specifically, such a signaling
scheme achieves >, - f(z,) = fT(A). Application of Caratheodory’s theorem to the hypograph
of f, therefore, shows that M + 1 signals suffice.

Our impossibility results rule out algorithms for computing near optimal signaling schemes,
almost agnostic to how such schemes are represented as output. For concreteness, the reader can
think of a signaling scheme ¢ as represented by the matrix of pairwise probabilities ¢ (6, 0). Since
we only consider games where the states of nature, and therefore also the number of signals w.l.0.g.,
are polynomially many in the description size of the game, this is a compact representation. The
representation of ¢ as a convex decomposition would do equally well, as both representations can
be efficiently computed from each other.

We note that the fact that we can restrict attention to “small” signaling schemes, in particular
those with no more than M +1 signals, implies that optimal signaling problem is an NP optimization
problem under mild conditions. In particular, so long as the M states of nature are given explicitly
as input, and the quality of equilibrium f(z,) can be computed in polynomial time for each posterior
belief x5, the objective ) _«g - f(z,) can also be computed in polynomial time from the convex-
decomposition representation of a “small” signaling scheme. As will become clear, our chosen class
of games, equilibrium concept, and objective function will permit evaluating f(x,) in each subgame
efficiently. This holds in both the explicit and implicitly described games we consider, rendering
each an NP optimization problem.

2.3 Strategies, Equilibria, and Objectives

Given a Bayesian game, a public signaling scheme («, z) with signals ¥ induces |X| sub-games, one
for each signal. The subgame corresponding to signal ¢ € ¥ is played with probability «,, and
players’ (common) beliefs regarding the state of nature in this subgame are given by the posterior
distribution z, € Ajs. The quality of a public signaling scheme in such a game is contingent on a
choice of an equilibrium concept and an objective function.

Equilibrium Concept

An equilibrium concept distinguishes a mixed strategy profile for every posterior belief x € Ajyy.
This permits defining an objective function on signaling schemes, as described in Section 2.2. In
general Bayesian games, evaluating the quality of a signaling scheme may be complicated by issues
of equilibrium selection — for example, general sum games often admit many Bayes-Nash equilibria.
However, our restriction to two-player zero-sum games side-steps such complications: all standard
equilibrium concepts are payoff-equivalent in zero-sum games.

2f* is the point-wise lowest concave function h for which h(z) > f(z) for all z in the domain. Equivalently, the
hypograph of f* is the convex hull of the hypograph of f.



Our restriction to zero-sum games avoids an additional complication, which arises for more
general games. Equilibrium computation in full-information zero-sum games is tractable, permitting
efficient computation of equilibrium in the Bayesian game, for every posterior distribution over the
states of nature. This avoids “inheriting” the computational complexity of equilibrium computation
into our optimal signaling problems, and therefore suggests that signaling introduces complexity
beyond that of computing equilibria in the resulting subgames.

Formally, given a Bayesian zero-sum game ({AG}Q/IZI,)\) as described in Section 2.1, and a
signaling scheme corresponding to the convex decomposition (a,x) of the prior A € Ay, this
naturally induces a distribution over sub-games of the same form. Specifically, for each signal o € X3,
the Bayesian zero-sum game ({Ae}gil , ) is played with probability a,. We use A7 = Eg,, [A%]
to denote the matrix of posterior expected payoffs conditioned on signal o. A Bayesian Nash
equilibrium corresponds to an equilibrium of each sub-game ({Ae}é\il ,Zy) in which players play
as they would in the complete information zero-sum game A°. In the sub-game corresponding to
signal o, the row player’s payoff is simply his payoff in the complete information zero-sum game

A?, namely
(&

ur(A”) = max min(yTA”);.

The expected payoff of the row player over the entire game is then given by

ur (o, ) = Z agu, (A7)

oeY

Objective Function

We adopt u,, as given above, as our objective function. By symmetry, this is technically equivalent
to adopting objective function u., the utility of the column player. To justify this choice for
our hardness results, observe that most natural classes of objective functions — say weighted
combinations of players’ utilities, or linear functions of players’ mixed strategies — include u, and
uc as special cases. In fact, in our two-player zero-sum setting the problem of maximizing a weighted
combination of players’ utilities is equivalent either to maximizing u, or maximizing u., depending
on which player is given the greater weight.

Additionally, we are motivated by the fact that the space of all payoff profiles achievable by
signaling is spanned by the two schemes maximizing the utility of one of the players, in the following
sense. Let ¢, be a signaling scheme maximizing the row player’s utility, and . be a signaling
scheme maximizing the column player’s utility. Moreover, let 4™ = —y™" denote the row player’s
maximum utility (equivalently, the negation of the column player’s minimum utility), and similarly
let 4™ = —y™" denote the column player’s maximum utility (equivalently, the negation of the
row player’s minimum utility). If there exists a signaling scheme ¢ inducing a utility profile (u,, u.),
then it can be formed as a convex combination of the two extreme signaling schemes ¢, and ¢, —

specifically, by running ¢, with probability u“f‘“?mn

max_u’rrnln

and ¢, otherwise. Consequently, “mapping
out” the space of possible payoff profiles, as well constructing a signaling scheme attaining a desired
payoff profile, both reduce to computing the extreme schemes ¢, and ..

2.4 Graphs, Clusters, and Density

An undirected graph G is a pair (V, E), where V is a finite set of nodes or vertices, and E C (‘2/) is
a set of undirected edges. We usually use n to denote the number of vertices of a graph, and m to
denote the number of edges. Given a graph G = (V, E), a cluster is some S C V. Given a cluster



S, we define the intra-cluster edges E(S) as those edges with both endpoints in S. The induced
subgraph of S is the graph H = (S, E(S)). Moreover, given two clusters S,T C V, we define the
inter-cluster edges E(S,T) as the edges with at least one endpoint in each of S and 7'

The density of G is the fraction of all potential edges in E — namely density(G) = %
More generally, the density of a cluster S in G is the density of the subgraph of G induced by
S, specifically densitys(S) = % To precisely state and prove our results, we require a
slightly different notion of density, defined between pairs of clusters. We define the bi-density
between clusters S and T as the fraction of all pairs (u,v) € S x T connected by an edge;
formally, bi-density(S,T") = WI\TI [ {(u,v) € S x T|{u,v} € E}|. Equivalently, the bi-density
between S and T can be thought of in terms of the adjacency matrix of A of G; specifically,
bi-density(S,T") = W Yies ZjGT A;;. Observe that density and bidensity are closely related, in

that bi-density(S,S) = density(S)(1 — ‘—é‘)

2.5 Random Graphs

We make use of Erdds-Rényi random graphs. Given n € N and p € [0, 1], the random graph G(n, p)
has vertices V' = {1,...,n}, and its edges include every e € (‘2/) independently with probability p.

Naturally, for G ~ G(n,p), every cluster S of G has expected density p. Moreover, every pair of
1SN
1S]IT|

clusters S and T has expected bi-density p (1 — ).3 We make use of the following standard

probabilistic bound, proved in Appendix B.

Proposition 2.1. Let p € (0,1) and o > 1 be absolute constants (independent of n), and let
G ~ G(n,p). There is an absolute constant = [(p,a) such that the following holds with high
probability for all clusters X and Y with |X|,|Y| > Slogn.

bi-density;(X,Y) < ap

As in the above proposition, we make references throughout this paper to guarantees which hold
with high probability over a family of graphs parametrized by the number of nodes n. By this we
mean that the claimed property holds with probability at least 1 — 1/ poly(n), for some polynomial
in the number of nodes.

3 Planting Cliques and Clique Covers

3.1 The Planted Clique Problem

For our hardness results, we assume that it is hard to recover a planted clique from an Erdos-
Rényi random graph. Specifically, we consider the following problem for parameters n, k € N and
pe(0,1].

Definition 3.1 (The Planted Clique Problem PCLIQUE(n,p,k)). Let G ~ G(n,p, k) be a random

graph with vertices [n] = {1,...,n}, constructed as follows:
1. Fvery edge is included in G independently with probability p.
2. A set S C [n] with |S| =k is chosen uniformly at random.

3. All edges with both endpoints in S are added to G.

3The discrepancy from p is due to the absence of self-loops in the drawn graphs.



Given a sample from G ~ G(n,p, k), recover the planted clique S.

We refer to the parameter p as the background density, S as the planted clique, and k as the size
of the clique. Typically, we will think of k as a function of n, and p as an absolute constant
independent of n. Our results will hinge on the conjectured hardness of recovering the clique with
constant probability. We use the following well-believed version of the planted-clique conjecture as
our hardness assumption.

Assumption 3.2. For some function k = k(n) satisfying k = w(log®n) and k = o(\/n), there is no
probabilistic polynomial-time algorithm for PCLIQUE(n, %, k) with constant success probability.

By constant success probability, we mean that the probability of the algorithm recovering the
clique is bounded below by a constant independent of n, over the random draw of the graph
G ~ G(n,p, k) as well as the internal random coins of the algorithm.

The planted clique conjecture, as described in Assumption 3.2, is well believed by the theoretical
computer science community. At the very least, there is widespread consensus that the problem is
beyond the reach of current algorithmic techniques, justifying its use as a starting point for hardness
results. Next, we briefly outline the history of this problem, including evidence of hardness.

The problem of recovering a planted clique, as well as the (no harder) problem of distinguishing
a draw from G(n,p) from a draw from G(n,p, k), has been the subject of much work since it was
introduced by Jerrum [33] and Kuéera [37]. Almost all of this work has focused on p = 3. On the
positive side, there is a quasipolynomial time algorithm for recovering the clique when k& > 2logn.
The best known polynomial-time algorithms, on the other hand, can recover planted cliques of size
Q(y/n), through a variety of different algorithmic techniques (e.g. [2, 40, 17, 24, 6, 26, 18]).

Despite this extensive body of work, there are no known polynomial-time algorithms for recov-
ering, or even detecting, planted cliques of size k = o(y/n). There is evidence the problem is hard:
Jerrum [33] ruled out Markov chain approach for k& = o(y/n); Feige and Krauthgamer [25] ruled
out algorithms based on the Lovész-Schrijver family of semi-definite programming relaxations for
k = o(y/n); and recently Feldman et al. [27] defined a family of “statistical algorithms,” and ruled
out such algorithms for recovering planted cliques of size k = o(y/n). In light of this evidence,
the planted clique conjecture is frequently used by computer scientists as a hardness assumption
for a variety of different applications; e.g. for proving security of cryptographic primitives [34], for
establishing the hardness of testing some properties of distributions [3], and for showing hardness
of (approximately) computing welfare-maximizing Nash equilibria [30, 41].

3.2 From Planting Cliques to Planting Covers

For our results, we construct games in which the random state of nature is a node in some graph G.
Recalling that a signaling scheme is a kind of fractional partition of the states of nature, with each
“fractional part” corresponding to a signal, we design our games so that the quality of a signal is
proportional to the density of that part of the graph. Since a signaling scheme’s quality is measured
in aggregate over the entire distribution over states of nature, any hardness result must rule out
recovering a family of dense clusters (one per signal) scattered throughout the graph, rather than
merely a unique dense cluster as in the planted clique problem. In this section, we define the
planted clique-cover problem in which many cliques are planted throughout the graph, and prove a
kind “amplification lemma” extending the hardness of recovering a planted clique to recovering a
constant fraction of the planted cover.

The planted clique-cover problem is parametrized by n,k,r € N and p € [0,1], and defined as
follows.



Definition 3.3 (The Planted Clique Cover Problem PCCOVER(n,p.k,r)). Let G ~ G(n,p,k,r)
be a random graph on vertices [n] = {1,...,n}, constructed as follows:

1. Include every edge in G independently with probability p.
2. Fori=1tor:

e Choose S; C [n] with |S;| = k uniformly at random.
e Add all edges with both endpoints in S; to G.

Given a sample from G ~ G(n,p, k,r), recover a constant fraction of the planted cliques S, . .., S;.4

As in the planted clique problem, we refer to the parameter p as the background density,
S1,...,5. as the planted cliques, k as the size of each clique, and r as the number of cliques.
Moreover, we will think of & and r as functions of n, and p as an absolute constant independent of
n. Note that the planted clique problem is the special case of the planted clique-cover problem when
r = 1. For our results, we will use the planted clique-cover problem for r = ©(%), guaranteeing
that a constant fraction of the nodes are in at least one of the planted cliques with high probability.

At first glance, it might appear that planting many cliques as we do here makes the problem
easier than planted clique. Somewhat surprisingly — and we elaborate on why later — this is
not the case. We exhibit a reduction from the planted clique problem to the planted clique-cover
problem with an arbitrary parameter r, showing that indeed the planted clique-cover problem is
no easier. We prove the following lemma.

Lemma 3.4. Let k and r be arbitrary functions of n, and p be an arbitrary constant. If there is a
probabilistic polynomial-time algorithm for PCCOVER(n, p, k,r) with constant success probability,
then there is such an algorithm for PCLIQUE(n, p, k).

Proof. The reduction proceeds as follows: Given a graph G ~ G(n,p, k) = G(n, p, k, 1), we construct
a graph G’ ~ G(n,p, k,r) by planting » — 1 additional k-cliques at random, as in Definition 3.3. In
a sense, we “continue where planted clique left off” by adding r — 1 more cliques placed randomly
in the graph. Let S; denote the original planted clique, and So, ..., S, be the “additional” cliques
planted through the reduction.

The key observation is that the cliques Si,...,.S, are indistinguishable to any algorithm op-
erating on a sample from G(n,p, k,r). This is by a symmetry argument: permuting the order in
which cliques are planted does not change the distribution G(n, p, k,r). As a result, any algorithm
which recovers a constant fraction of the planted cliques from G’ with constant probability must
recover each of S,...,S, with constant probability. In particular, applying an algorithm for the
planted cover problem to the outcome of our reduction yields a list of cliques which includes S; —
the original planted clique — with constant probability. This leads to an algorithm for the planted
clique problem with constant success probability. ]

Lemma 3.4 is surprising since it does not appear to hold for the distinguishing variants of
PCCOVER and PCLIQUE. Specifically, when k£ = n7 for a constant v < %, whereas it is

conjectured that no algorithm can distinguish a sample from G(n, %) from a sample from G(n, %, k)

with constant probability, a simple statistical test succeeds in distinguishing a sample from G(n, %)

from a sample from G(n, %, k,n/k) with constant probability. The test in question simply counts

the edges in the graph. The random graph G(n, %) has %2 + O(n) edges with constant probability

approaching 1, whereas G(n, %, k,n/k) has %2 + Q% - k%) = ”TZ + Q(n'*7) edges in expectation —

well above the confidence interval for the number of edges in G(n, %)

“By this we mean that the algorithm should output a list of k-cliques in G, at least ar of which are in {Si,...,S,},
for some constant « independent of n.
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3.3 Approximate Recovery

To simplify our hardness results, we show that producing a set of vertices with sufficient overlap
with a planted clique is polynomial-time equivalent to recovering that entire clique, with high
probability.

Lemma 3.5. Lete >0 and p < 3 be constants, k = k(n) satisfy k = w(log*n) and k = o(\/n), and
r = O(%). There is a probabilistic polynomial-time algorithm which takes as input G ~ G(n,p, k,r)
and a cluster T' C [n] , and outputs every planted k-clique S in G for which |T'NS| > e|T'US|, with
high probability.

In other words, to recover a planted k-clique S it suffices to produce a set T of size O(k) for
which |T'N S| = Q(k). The analogous statement for the (single) planted clique problem is folklore
knowledge. Our proof is similar, though requires some additional accounting because our planted
cliques may overlap. We relegate the proof of Lemma 3.5 to Appendix A.

4 Hardness of Signaling in Zero-Sum Games

In this section, we show the intractability of optimal signaling in zero sum games, when the ob-
jective is maximizing one player’s payoff at equilibrium. We prove two results which follow from
Assumption 3.2: Hardness of optimal signaling for explicit zero sum games — those games with a
polynomial number of strategies and matrices given explicitly, and hardness of approximation for
implicit zero-sum games. Our former result, for explicit games, requires the real numbers in the
payoff matrices to scale with the input size, and therefore does not qualify as a hardness of ap-
proximation result per se. Our latter result for implicitly-described games does rule out a constant
additive approximation relative to range of possible payoffs, and crucially holds for a class of games
in which equilibrium computation is tractable, in the sense described in Section 2.3.

Theorem 4.1. Assumption 3.2 implies that there is no polynomial-time algorithm which computes
a signaling scheme maximizing a player’s payoff in an explicitly-represented 2-player Bayesian zero-
sum game.

Theorem 4.2. Assumption 3.2 implies that there is an implicitly-described, yet tractable, class of
Bayesian zero-sum games with payoffs in [—1,1], and an absolute constant €, such that there is no
polynomial-time algorithm for computing a signaling scheme which e-approzimately maximizes (in
the additive sense) one player’s payoff.

For both our results, we use variants of the following security game involving two players, known
as an attacker and a defender. In a security game, an attacker chooses a target to attack, and a
defender chooses targets to defend. The attacker’s payoff depends on both his choice of target,
and the extent to which said target is protected by the defender. We consider a security game on
a network, in which an attacker is looking to take down edges of the network, and a defender is
looking to defend those edges. The state of nature determines a vulnerable node 6, and an attacker
can only take down edges adjacent to 8 by attacking its other endpoint. The defender, on the other
hand, can select a small set of nodes and protect the edges incident on them from attack.

Definition 4.3 (Network Security Game). Instances of this Bayesian zero-sum security game are
described by an undirected graph G = (V, E) with n nodes and m edges, representing a commu-
nication network, an integer d > 1 equal to the number of nodes the defender can simultaneously
protect, and a real number p > 0 equal to the utility gain to the defender for protecting a vulnerable
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or attacked node. States of nature correspond to vertices V. When the realized state of nature
1s 0 = v, this indicates that the edges incident on node v are vulnerable to attack. We assume
that 8 ~ X\, where the prior A\ is the uniform distribution over V. The attacker’s strategies also
correspond to the nodes V. The defender’s strategies correspond to subsets of V' of size at most d,
representing the choice of nodes to defend. When the state of nature is 6 € V', the attacker attacks
a € V, and the defender defends D C V with |D| < d, the payoff of the attacker is defined as
follows:
A%(a, D) = [{(6,a)} N E| - plD 1 {6,a}|

When d is a constant, the size of the matrices A% is polynomial in the representation size of
the game, and we can think of the game as being represented ezplicitly as a set of n matrices
Al e [—2p, 1]”X(Z). However, when d is superconstant, the game matrices have a superpolynomial
(g) number of columns. Nevertheless, even then equilibrium computation is still tractable in the
sense described in Section 2.3 — i.e., our representation permits computation of the equilibrium,
and corresponding utilities, for every posterior distribution x € A, over states of nature. This is a
consequence of the “low dimensional” nature of the defender’s mixed strategy space, and linearity
of players’ utilities in this low-dimensional representation. Specifically, a mixed strategy of the
defender can be summarized as a vector in the matroid polytope Py = {z € [0,1]" : Y 1" | z; < d}.
A vector z € P, encodes the probability by which the defender defends each target. It is not
hard to see that this representation is loss-less, in that (a) the vector z summarizing a defender’s
mixed strategy, together with the attacker’s mixed strategy y € A,, suffices for computing the
payoff of each player in a subgame with beliefs  — specifically, using A to denote the adjacency
matrix of graph G, the attacker’s payoff is xTAy — p(2Tz + 2Ty); (b) Given a vector z € Py, a
corresponding mixed strategy of the defender with small support can be efficiently recovered as
the convex decomposition of z into the corner points of the matroid polytope Py;° and (c) Given
a vector z € Py summarizing the defender’s mixed strategy in a subgame with beliefs z, a best
response for the attacker can be computed efficiently.® Together, observations (a), (b), and (c)
imply that an equilibrium of this game, as well as its optimal value, can be computed in time
polynomial in n by linear programming.”

Theorems 4.1 and 4.2 follow from the two lemmas below, as well as Lemma 3.4. Specifically,
Theorem 4.1 instantiates both lemmas below with d =1 and p = %, and Theorem 4.2 sets d = %
and p = 1.

Lemma 4.4. Let k and r be such that r = % For a network security game on G ~ G(n, %, k,r)
with d, p > 1 satisfying pd = %, with high probability there is a signaling scheme attaining expected
attacker utility at least 0.8.

Lemma 4.5. Let ¢ > 0 be an absolute constant, k satisfy k = w(log?n) and k = o(\/n), and
r = O(%). For a network security game on G ~ G(n, %,k,r) with with d,p > 1 satisfying pd =
©(k), there is a probabilistic polynomial-time algorithm which, given any signaling scheme obtaining
attacker utility at least 0.5 + €, outputs an Q(e) fraction of the planted cliques in G, with high

probability.

We emphasize that even though the graph G used to define our game is a random variable,

players do know G. We resort to using a random graph G ~ G(n, %, k,7) not just because Clique

This is the constructive version of Caratheodory’s theorem, as shown by Grotschel et al. [28].

SRecall from Section 2.3 that (a) and (c) are equivalent to the analogous tasks (payoff and equilibrium computation,
respectively) in the complete-information zero-sum game A” = Eg., .A°.

"For more on equilibrium computation in implicitly-described zero-sum games, see [32].
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recovery is conjectured to be hard on average (and hence also in the worst case) for such a graph,
but also because such a graph exhibits structural properties (with high probability) which enable
the algorithms used in our reduction and simplify our proofs. Naturally, our average-case arguments
then imply the worst-case statements in Theorems 4.1 and 4.2.

4.1 Proof of Lemma 4.4

Denote G = (V, E). We construct a signaling scheme which groups together states of nature in
the same planted clique, and show that it obtains the claimed attacker utility at equilibrium. Let
S1,...,5- be the planted k-cliques in G listed in some arbitrary order, and let §Z = 5i \ Ui<j<iS;j.
Moreover let So V' \UI_;S; be all remaining vertices not in any of the planted cliques. Evidently,
So,Sl, . S form a partition of the vertices V. Our signaling scheme ¢ : V' — {0,...,r} is
determlnistic, and simply announces ¢(v) = i when v € §Z Represented as a convex decomposition,

our signaling scheme is («, ), where «; = ‘f:' and z; is the uniform distribution over S;.

To prove that ¢ obtains the desired bound with high probability, we need the fact that most
nodes are in one of our planted cliques. Recall that, for each ¢ # 0, S; is a k- subset of V' chosen
independently and uniformly at random. Since r = 3%, in expectation a 1 — e— fraction of the n
vertices are in one of the planted cliques S, ..., S;. ThlS translates to a high-probability guarantee
by a standard application of the Chernoff bound and the union bound. Specifically, with high
probability we have that Y7 ; o; = 1377 | 15;| > 0.9.

We can now analyze the utility of an attacker at equilibrium, given the signaling scheme ¢
described above. In the subgame corresponding to a signal ¢, the state of nature 6 is uniformly
distributed in §l Consider the mixed strategy of the attacker which simply chooses a € 5'\1 uniformly
at random. Since (6, a) is a uniformly distributed pair in S; x S;, the probability that (6, a) share
an edge is precisely bi-density(S;, S;). Moreover, for any defender strategy D C V with [D] < d,
the sum of Pr[a € D] and Pr[f € D] is at most 2d/ |5;|. Therefore, any pure defender strategy D
begets attacker utility u’(yp) > b1—den51ty(SZ, S, ) — 2dp For # 0, since S; forms a clique this is at

i
least 1 — QTng.
We can now complete the proof by bounding the expected utility of the attacker from signaling
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scheme ¢ by his utility when he simply plays the uniform strategy over §, for each subgame 1.
T
u(p) =Y oqu'(p)
i=0

> Zai (bi—density(gi, §,) - |2;\'[|)>
i=0 g

T R 2 1
= <Z a; bi—density(ShSi)) ~2d(r+1)p

n
=0

. S 2d(r +1
Zai bi-density (.S;, SZ)) B W
=1

4.2 Proof of Lemma 4.5

We prove the Lemma by exhibiting an algorithm which, given as input a graph G ~ G(n, %, k,r)
and a signaling scheme ¢ attaining the claimed attacker utility, outputs a family of clusters T from
which a constant fraction of the planted cliques can be recovered in polynomial time. Specifically,
we show that for a constant fraction of the planted cliques Si,...,S,, there is a cluster T" € T
which satisfies the requirements of Lemma 3.5. To simplify our proof, we assume that pd/2 is an
integer, though unsurprisingly this assumption can easily be removed.

Consider Algorithm 1. In step (2), the algorithm “zeroes-out” those vertices which are “over
represented” in either the attacker’s strategy or the posterior distribution over states of nature.
This is justified because, as will become clear in the proof, we designed the game’s payoffs so
that over represented nodes can easily be protected by the defender, and hence account for only
a small fraction of the attacker’s total utility. After zeroing-out large entries, the posteriors Z,
and attacker strategies y, have entries no larger than 1/0©(k), and therefore behave roughly as
uniform distributions over ©(k) vertices. Steps (3) and (4) are “cleanup steps”, which convert the
attacker’s mixed strategy to a uniform distribution over %d = O(k) vertices T,,. We will show that
the resulting family 7 of clusters must overlap substantially with the planted cliques, in the sense
of Lemma 3.5, for the utility of the attacker to exceed the background density of % by a constant.

We formalize all this through a sequence of propositions.

Proposition 4.6. The attacker’s utility u(y) from signaling scheme ¢ = (o, x) satisfies

u(p) < 3 anil AT,
oeY

where A is the adjacency matriz of G, and T, and Y, are as defined in step (2) of Algorithm 1.
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Algorithm 1 Algorithm for Computing Approximation of Planted Cliques from a Signaling Scheme

Input: Graph G = (V, F) with adjacency matrix A € R™*"
Input: A signaling scheme ¢ : V' — 3, represented in convex decomposition form («,z) where
a € Ay, and z, € Ay for each o € X.
Output: A list 7 of subsets of V', each of size pd/2.
1: For each o € ¥, compute the attacker’s minimax strategy y, € Ay in the subgame correspond-
ing to signal o.
2: For each o € ¥, discard from each of z, and y, all entries greater than %. Define

7 () o (v) if 2,(v) < %,
To(v) =
0 otherwise.

0 otherwise.

i (0) = {%<v> i 5o(0) < 2,

3: For each 0 € X, let z, € Ay be an extreme-point solution of the following linear program.
(Note that Z, is fixed)

maximize (Z,)TAz,
subject to  ||z4]]00 < %

Z’UEV ZU(U) < 1
25(v) >0, for v e V.

4: Let T, be the support of z, € Ay, for each o € X.
5 Output 7 ={T, : 0 € ¥}.

Proof. We prove this bound signal-by-signal. Fix a signal ¢ € ¥ with posterior z, and attacker
strategy y,, and as shorthand use x = x4, y = Yo, T = T, and ¥ = ¥y,. We distinguish nodes which

are over represented in x or y — specifically, the nodes O = {v s max(z(v),y(v)) > %}. There

are at most pd such nodes, since each of x and y, by virtue of being a probability distribution, can
have at most pd/2 entries exceeding 2/pd.

We consider a defender who chooses D C O with |D| = min(d,|O|) uniformly at random.

Observe that such a defender protects each node in O with probability at least % > % = %.

The utility of the attacker is equal to the probability that 8 ~ x and a ~ y share an edge, minus p
times the quantity Pr[a € D]+ Pr[f € D], which can be bounded as follows.

u?(p) = xTAy — p(Pr[f € D] + Prla € D))
=2TAy — p(Pr[# € O]Pr[d € D|f € O] + Prla € O] Pr[a € Dl|a € O])

<zTAy — p.[l)(Pr[H € O] + Prfa € O))
=2TAy — (z(0) + y(0)) (2)

Next, we let T=x — 7 and § = y — 3. Note that 2(0) = ||Z||; and y(O) = |[y||1. We can bound
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xT Ay as follows.

2TAy = (T +2)TA(Y+7)
=2TAYy +2TAy + 2T Ay + =" Ay
<ZTAY+ 2Ty + 2Ty + 7Ty
<ZTAY+2Ty+ 2Ty + 227y
=2TAy+7Ty+y'x

< ZTA7 + [[Zl1 [yl + 1171l ( Holder’s inequality)

< TTAY + [zl + [yl

= zTAY +2(0) +y(0) (3)
Combining (2) with (3) completes the proof. O

Proposition 4.7.
u(@) < Z aUEC\g'AZU

oeEY

Proof. This follows from Proposition 4.6 and the fact that that 7, is a feasible solution to linear
program (1). O

Proposition 4.8. z, is a uniform distribution over pd/2 vertices, namely T,.

Proof. Recall that we assumed that pd/2 is an integer. Therefore, a simple argument shows that
an extreme-point solution to LP (1) must set each variable either to 0 or to %. In particular, the
optimal solution must set precisely pd/2 entries of z, to %, as needed. O

We now upper bound the contribution of edges outside the planted cliques to the utility of the
attacker. Write the adjacency matrix A as A = A~ + A", where A~ are the background edges
added in Step (1) of Definition 3.3, and A™ are the clique edges added in Step (2) of Definition 3.3.

Proposition 4.9. The following holds with high probability for all signals o € X.
(Fo)TA 25 < 0.5+ %

Proof. Pick an arbitrary signal o. Since ||Zs||oc < %, we have that (Z,)TA™ 2, is bounded from
above by the value of the following linear program, in which z, is held fixed and = € R™ is allowed
to vary.
maximize xzTAz,
subject to  ||z||co < %
ZvGV 1’(?}) < 1
z(v) >0, forveV.

(4)

By an argument similar to in Proposition 4.8, at optimality x is a uniform distribution over
some pd/2 vertices R. Therefore, since z, is also a uniform distribution over the pd/2 vertices
T, (Proposition 4.8), the value of the above linear program is equal to bi-density(R,T,). Since
pd/2 = O(k) = w(logn), Proposition 2.1 implies the claimed bound. O
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We can now wrap up the proof of Lemma 4.5 using the above propositions. We will show
that, on average over our planted cliques Si,...,S,, there is some T' € T output by Algorithm
1 overlapping with a constant fraction of the clique vertices. As notation, we let A* denote the
adjacency matrix of the clique S;, for i = 1,...,r. Note that AT < Y7 | A'. First, we show that
foreground edges contribute () to the outer product (Z,)TAz,, on average over signals o € 3.

0.5+ € <u(p)
< Z 0T Azy (Proposition 4.7)
oEY
=) @Bl (A + AY)z,
oEX
(0.5 —|— Z oy + Z 7T A" 2, (Proposition 4.9)
gED cED
=05+ % + Z agZT ATz,
ceY
Therefore ) s, T AT 2 > 5. Next, we “break up” this sum of outer products into the con-

stituent contributions of each planted clique.

€
S <Y aarat
5 < ey AT 2

ceY

< Z Q) ZAZ

OGE

:E g a, Tl A'zy

i=1 0c€X

<Y @os(Si)20 ()

i=1 o€eX

NEAE
_ZZO‘U% T, ]

=1 o€EX
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Finally, we show that the average planted clique is well represented by some T € T.

" R T,NS;
% < Z Z aaxa(si)’u—,U’

i=1 ceX

< Z <Z %@(52‘)) (1%13%‘ ’T;j’>

i=1 \o€eX

<§ max ———— Sin E Oy <§:0¢ = =2
= n TeT uva‘ ( mee 2, Qo cr(v) > 2.0 crxa(v) Av n>

=

k e IT NSy

= — X —
TeT |T%|

T

=0(1)- 1 Z <max W) (Since r = O(%))
i=1

=0(1) - ! Z <max M) (Since |T,| = pd/2 = O(k))

Therefore %22:1 (maXTeT %) > Q(e); i.e., the average planted clique intersects at least one

of the sets in 7 in a constant fraction €(e) of its vertices. This implies that an (e) fraction of the
planted cliques intersect at least one of the sets in 7 in an (¢) fraction of its vertices, by a simple
counting argument. Since each set in T is of size ©(k), this satisfies the requirements of Lemma
3.5 for a constant fraction of the planted cliques Si,...,.S,, completing the proof.

5 Conclusions and Followup Work

This paper was the first to use complexity theory to shed light on the design and characterization of
information structures in abstract game settings other than auctions. Since the initial publication
of the conference version of this paper, followup work has strengthened and extended our results,
and the literature on computational aspects of information in games has diversified and flourished.
For a somewhat recent survey, see [19].

Assuming the planted clique conjecture, our impossibility result for explicit zero sum games
rules out polynomial-time signaling algorithms with additive error on the order of m relative
to the range of player payoffs, where n is the number of a player strategies. Essentially, this rules out
a fully polynomial time approzimation scheme (FPTAS) for optimal signaling in zero-sum games,
but not a PTAS: an e additive approximation algorithm for every constant e independent of n.
Two papers have since strengthened our results: Bhaskar et al. [13] rule out a PTAS assuming the
planted clique conjecture, and also rule out an FPTAS based on the more mainstream assumption
that P # N P. Rubinstein [43] rules out a PTAS based on the exponential time hypothesis, which
is also considered a more mainstream hardness assumption than the planted clique conjecture.

These hardness results strongly suggest that, for multi-agent signaling problems over a shared
communication channel, domain-specific structure must be leveraged in order to yield simple and
near-optimal algorithm. Cheng et al. [16] identify two “smoothness” parameters which govern
the complexity of these public-channel information structure design problems, and design approx-
imation schemes with guarantees parametrized accordingly. This framework leads to polynomial-
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time approximation schemes for a number of public-channel information structure design prob-
lems. Moreover, it also yields a quasipolynomial-time approzimation scheme (QPTAS)® for public
signaling in explicitly-represented normal-form constant-player games (a class which includes the
explicitly-represented Bayesian zero-sum games discussed in this paper) and most natural objective
functions. A related result is by Bhaskar et al. [13], who design a PTAS for signaling in zero-sum
games which satisfy a different smoothness condition.

Beyond public-channel multi-agent information structure design problems, the CS/Econ com-
munity has examined algorithms for signaling in a number of fundamental domains. Dughmi and
Xu [20] design efficient algorithms for optimal and near-optimal signaling in the case of a sin-
gle decision-making agent — this is the popular Bayesian Persuasion model of Kamenica and
Gentzkow [35]. Very recently, Babichenko and Barman [9] and Dughmi and Xu [21] examine the
natural generalization of the Bayesian persuasion model to multiple agents introduced by Arieli
and Babichenko [7], and derive efficient approximation algorithms for private signaling in this set-
ting. Other information structure design models to which the tools of of algorithms and complexity
have been deployed include multi-armed bandits [36, 39], Stackelberg games [45, 46], and network
routing [13].
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A  Proof of Lemma 3.5

Let G = (V,E). We fix one of the planted k-cliques S C V', and prove Lemma 3.5 for every T
satisfying |T'NS| > €|/T'US|. Our proof has two steps. First, we show that if we can sample uniformly
from T'N S, then we can recover planted clique S in polynomial time with high probability. Then
we show that we can simulate sampling from 7'NS by combining sampling from 7" with some brute
force enumeration in polynomial time.

Al Step1l

Assume we can sample uniformly from 7°'N.S. Our algorithm for recovering .S is as follows.

e Sample: Let R be a sample of 200logn vertices from T'N S.
e Filter 1: Let S be all the common neighbors of R.

e Filter 2: Let S be those nodes in S with at least k — 1 neighbors in S.

It is clear that nodes in the k-clique S survive both filtration steps, and therefore S 05, We
will show that in fact S = S , with high probability. For this, we need the following propositions
bounding the “connectivity” of nodes in V'\ S into S and T'N S. We partition the edges of G
into background edges E~, added in step (1) of Definition 3.3, and foreground edges E* added in
step (2).

Proposition A.1. For every T, the number of vertices v outside S with |E~ (v, SNT)| > 0.6|/TNS|
is O(logn), with high probability.

Proof. Since p < 0.5 and |T'N S| = Q(k) = w(logn), this follows directly from Proposition 2.1. [
Proposition A.2. There are no vertices v outside S with |[E~ (v, S)| > 0.6k, with high probability.
Proof. This is by a straightforward application of the Chernoff bound and the union bound. O

Proposition A.3. Every vertex v outside S has |E* (v, )| = O(log?n) = o(k), with high proba-
bility.

Proof. This follows from two facts which hold with high probability: (a) no two planted cliques
overlap in more than O(logn) vertices, and (b) no vertex is in more than O(logn) planted cliques.
We show both next.

For (a), let S1,...,S, be the planted cliques (one of which is our §). Fix S; and S; with ¢ # j.
The probability a vertex v is in both S; and §j is (%)2 < % A simple application of the Chernoff
bound implies that |S; N S;| < 4logn with probability at least 1 —1/n%.2 By the union bound and
the fact that r < n, this holds for all pairs i # j with probability at least 1 — 1/n2.

For (b), observe that for a fixed vertex v the events {v € S;}._; are independent Bernoulli trials
with probability % each. Since the number of these events is r = O(%), the Chernoff bound implies
that at most O(logn) of these events hold with high probability 1 — 1/ poly(n). Taking a union
bound over all vertices v completes the proof.

O

9This also requires showing negative association of the relevant indicator variables — one per node of the graph,
indicating membership in both S; and S;. We omit the (straightforward) details.
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We can now show that no vertex v outside S survives both filtration steps, with high probability.
First, combining Propositions A.1 and A.3, we know that for all but at most O(logn) nodes v ¢ S
we have that |E(v,TNS) = E-(v,TNS)+ Et(v,TNS) < 06/TNS|+o(k) <07/TnNS|
(for sufficiently large k). Since R is a random sample of 200logn vertices from |T' N S|, a simple
application of the Chernoff bound shows that E(v, R) < 1.1%E(’U,T N S) for every vertex v,
with high probability. Therefore, for those vertices with |E(v,T N S)| < 0.7/7°' N S|, none of them
connect to more than 0.8|R| vertices in our sample R, with high probability. Therefore, at most
O(logn) vertices outside S survive the first filtration step — i.e., |S\ S| = O(logn) — with high
probability.

Second, since |S\ S| = O(logn), every node v € S\ S has |E(v,5)| < |E(v,S)| + O(logn) =
|E(v,S)|+ o(k). Proposition A.2 implies that |E(v, S)| < 0.6k with high probability, and therefore

no vertex v € S\ S survives the second filtration step (for sufficiently large k).

A.2 Step 2

In step 1, we assumed the ability to sample 200logn vertices uniformly at random from 7'N S.
However, since S is a-priori unknown, this is impossible in the most naive sense. Nevertheless, such
sampling can be simulated efficiently as follows: Sample roughly @ logn vertices uniformly from
T, and attempt the algorithm of step 1 on every subset of roughly 200log n of the sampled vertices.
This runs in polynomial time. Moreover, since |T'N S| > €|T'|, with high probability it is the case
that roughly 2001log n of the sampled vertices lie in T'N S, and are distributed uniformly therein.

B Omitted Preliminaries

Probabilistic Bounds on Random Graphs

Proposition B.1. Let G ~ G(n,p), and let A be the adjacency matriz of G. For any family
P C [n] x [n] of pairs of vertices, and o > 1,

1
Pr | — Z Aij > ap §2exp<—

|P| -
(4,7)EP

(o = 1)%p|P]
12« >

Proof. For an unordered pair e € ([g}), let z. denote the indicator variable for the event e € E(G).

By definition of G(n, p), the indicator variables x, are independent Bernoulli random variable with
parameter p. Observe that

Yoo A= Y rugy (5)

(i,9)eP (4,§)eX XY

Since our edges are undirected, whereas the above sum is over ordered pairs, the number of times
any of our indicator variables x. appears in the above sum varies. Specifically, for e = {i,j}, the
variable . appears twice if both (7, j) and (j,7) are in P, once if only one of (4, j) and (j,) is in P,
and zero times otherwise. Let F} be the set of edges appearing at least once, and F5 be the set of
edges appearing twice. Observe that |Fy| < |Fi| < |P| and |Fi| + |F2| < |P|. We can now simplify
expression (5).

Yo oAi=Dm+ Y (6)

(i,j)EP ecky ecky
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Observe that each of m; = ) . Fy Te and my = Yo P, Te is the sum of independent Bernoulli
random variables with parameter p. Using the Chernoff bound (Proposition B.3, Equation (8)), we
can bound the probability that m; is too large.

Pr[my > p|Fi1| + 0.5(a — 1)p| P|] = Pr[my > E[m4] + 0.5(a — 1)p| P|]
0.25(c — 1)2p?| P|?
<o (-Gl roma 1>p|P|>)
0.25(a — 1)2p|P|?
2|F1| +0.5(a — 1)]P|>

0.25(cv — 1) p\PP)

(-
< 2IFlHOéIPI
(-
(

@

Xp

| /\

exXp

| /\
’U

0.25(cc — 1)2p| P|?

2a]F1|+a]P| >
0.25(cc — 1)2p| P|?

3a\P\ )

_ (a —1)%p|P|
= &P 12«

An essentially identical calculation yields a similar bound for ms.

\ /\

1 (0~ 12|P]
> “(a — < N Sl A o ol
Prlms > ol + (o~ pIP] < exp (- C )

Using the union bound, we complete the proof.

Pr \P] Z Aijj > ap| = Primi +ma > ap|P|]
(i.))er

< Pr[my +ma > p(|F1| + [F2]) + (o — 1)p|P]]
1 1
< Pr[mq > p|F1| + 5(04 — 1)p|P|] + Pr[mz > p|Fo| + 5(04 — 1)p|P|]

(o — 1)2p|P|)

< 2exp <— B
e

O

Proposition B.2 (Proposition 2.1 in main body). Let p € (0,1) and o > 1 be absolute constants

(independent of n), and let G ~ G(n,p). There is an absolute constant 5 = [(p, ) such that the

following holds with high probability for all clusters X and Y with | X|,|Y| > Blogn.
bi-density;(X,Y) < ap

Proof. Consider two cluster sizes k, ¢ € [n]. Given a fixed pair of clusters | X| and |Y| with | X| =k
an |Y| = ¢, Proposition B.1 implies that

1
Pr [bi-density(X,Y) > ap] = Pr XY Z Aij > ap
XIYT ey
—1)2
< 2exp( (o 12) pk:ﬁ)
!
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In particular, since p and « are constants, there is a constant ¢ > 0 such that
Pr [bi-density (X,Y) > ap] < exp(—ck¥).

There are at most n* clusters of size k, and n’ clusters of size £. Therefore, the probability that
any pair of clusters X and Y with |X| = k and |Y| = ¢ satisfy bi-density(X,Y) > ap is, by the
union bound, at most

nf+ exp(—ckl) = exp((k + €) logn — ckl).

When k, ¢ > Slogn for some constant 3, this probability is at most
exp((k + €)logn — ckl) < exp(26log®n — f*clog®n).

We can choose the constant § large enough so that this probability is exp(—Q(log?n)) for every
pair of integers k,¢ > ([logn. Taking a union bound over all pairs of integers k,¢ € [n] with
k,¢ > Blogn, of which there are at most n?, completes the proof. O

Tail Bounds

We use the following convenient forms of the Chernoff bound
Proposition B.3 (Chernoff Bounds). Let Xi,...,X,, be independent Bernoulli random variables
with p =31 | E[X;]. Let X =" | X; be their sample sum. For every a > 1 the following holds.

a—1)2
Pr[X > ap] < exp (—(a:)l“) (7)

Equivalently, for every t > 0, the following holds.

2
Pr(X > p+t] <exp (— 2M+t) (8)
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